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Abstract The application of Gibbs sampling is con- 
sidered for inference in a mixed inheritance model in 
animal populations. Implementation of the Gibbs sam- 
pler on scalar components, as used for human popula- 
tions, appeared not to be efficient, and an approach with 
blockwise sampling of genotypes was proposed for use 
in animal populations. The blockwise sampling of geno- 
types was proposed for use in animal populations. The 
blockwise sampling by which genotypes of a sire and its 
final progeny were sampled jointly was effective in im- 
proving mixing, although further improvements could 
be looked for. Posterior densities of parameters were 
visualised from Gibbs samples; from the former highly 
marginalised Bayesian point- and interval estimates can 
be obtained. 
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Introduction 

Gibbs sampling has been proposed for making inferen- 
ces in a mixed inheritance model in human populations 
(Guo and Thompson 1992). The Gibbs sampler is a 
sampling-based computational to that is used to per- 
form marginalisations without analytical approxi- 
mation (Geman and Geman 1984; Gelfand and Smith 
1990). As such, it can marginalise the joint density of 
unknowns from a mixed inheritance model with respect 
to both polygenic effects and genotypes, which is an 
impossible task in general pedigrees using analytical 
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approaches (e.g. Le Roy et al. 1989; Knott et al. 1992; 
Kinghorn et al. t993). Due to its potential, Gibbs samp- 
ling, or related techniques, may soon dominate other 
computational methods for making genetic inferences, 
in particular when modelling single loci, such as in 
major gene detection and in quantitative trait loci 
(QTL) and marker mapping. For a review on recent 
applications of Gibbs sampling in animal breeding, see 
Sorensen et al. (1994). 

Use of the Gibbs sampler implementation for human 
populations (Guo and Thompson 1992) in animal 
breeding may show very slow mixing of genotype states, 
resulting in difficulty in achieving convergence. Large 
progeny groups in animal breeding are responsible for 
this effect. The aim of the study presented here was to 
describe the construction of a markov chain using a 
modified sampling scheme more suited for inference in 
animal populations. Because this study is the first report 
of using Gibbs sampling in a mixed inheritance model in 
animal breeding, we will describe in detail the construc- 
tion of the required markov chain. The effect of the 
modified sampling scheme on mixing will be demon- 
strated. A small simulation study will be presented 
showing the types of marginal posterior densities 
that can be obtained accompanied by a discussion of 
possible methods of inference based on these marginal 
densities. 

Mixed inheritance model 

In a mixed inheritance model a trait is influenced by the 
genotype at a single locus and by a polygenic effect, 
which is the aggregate effect of a large number of loci 
unrelated to the single locus. The single locus is assumed 
to be an additive, biallelic, autosomal locus with Men- 
delian transmission probabilities. Alleles at the single 
locus are A 1 and A 2 with genotypes A1Aa, A~A2, A2A ~ 
and AaA 2. The heterozygotes A1A 2 and A2A 1 are distin- 
guished to provide a simple and yet flexible notation for 
their covariance structure. In an alternative notation, 
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the genotype of individual i is denoted w~ with four 
possible realisations m~I, a row vector, corresponding to 
genotype AeAf: r a i l= (1000) ,  mi2=(0100) ,  m21= 
(00 1 0) and m22 = (000 1). We assume a homogeneous 
population of base individuals with genotypes in Hardy- 
Weinberg proportions. Relaxation of these assumptions 
is feasible by increasing the number of parameters to be 
estimated, which poses no particular difficulty. We also 
assume that each individual has one observation for the 
trait. Inbreeding will be accounted for in the computations. 
The statistical model for the observations is: 

y = Xll + Z u  + Z W m  + e (1) 

genotypes of sire and dam of i. Assuming Mendelian 
= =�89 probabilities of transmission, Zl,a~ 1,z1,12 = z~,21 

and ~i,22 = 0. 
Flat priors are assigned for nongenetic effects II, for 

2 and z and for allele effect a variance components 0- e f lu ,  

and allele frequency Pl, i.e.f([l, o -2, 2 fu, a, p~) oc constant. 
Variance components are a priori positive, i.e. excluding 
zero, and the allele frequency is bounded between zero 
and one, including the bounds. The joint density of all 
unknowns, given data y, is symbolically denoted: 

2 
f ( P , u , W ,  fZe,~, ,a ,  Pl]y)  (4) 

where ~ is a vector of fixed nongenetic effects, X is a 
design matrix relating nongenetic effects to observa- 
tions, u is a vector of random polygenic effects for all 
individuals in the pedigree, Z is a design matrix relating 
polygenic and single locus effects to observations, Wm is 
a vector of random effects at the single locus for all 
individuals and e is a vector with errors. The effects at 
the single locus are expressed using W = {wi}, a matrix 
containing information on the genotype of each individ- 
ual, and m, a vector with genotype means, where 
m ' =  ( - a 0  0 a). Hence, the A: allele is assumed to in- 
crease the trait value, hereafter called the favourable 
allele, no dominance is assumed and no distinction is 
made between the effects of the two heterozygotes A1A 2 
and A:A 1. 

The distribution ofe is N(0,Ia 2) where N denotes the 
normal distribution. The covariance structures for poly- 
genic effects can be expressed as u -~ N(0,Af2), where A 

a the poly- is the numerator relationship matrix and a u 
genic variance. The covariance structure for genotypes, 
however, cannot be expressed in matrix notation. To 
show the parallels between polygenic and monogenic 
effects, therefore, we will specify both in scalar notation. 
For individual i, the polygenic effect u~ is: 

u i ~ N(O, a2), when i is an individual in the base popula- 
tion (2a) 
u i ,,. N(1 /2Us ,  i + �89 ~i~;2), when i is an individual not 
in the base population (2b) 

where Us, i and up, i in Eq. 2b are polygenic effects of the 
sire and dam of i, and q5 i = ( �89 i 1 z F s , i - ~ F v , i )  is the 
Mendelian sampling term for individual i, where Fs, i 
and FD, i are inbreeding coefficients of the sire and dam of 
i. An analogous scalar notation for the covariance struc- 
ture for the genotype w~ of individual i is: 

P(wi  = fOe f )  = PeP l (3a) 
P(wi  = me,[Ws,i  = moh, Wo.i = mg'h') = Te,gh"ff,g'h' (3b) 

where P denotes probability, Pi and p2(= 1 - P l )  
are frequencies of alleles A1 and A 2 in the base popu- 
lation, zl.~h is the probability of transmission to an 
offspring of an A t allele from a parent with genotype 
AgA h and z2,g h = 1 - Z l , g  h. In Eq. 3b Ws, i and WD, i are 

Gibbs sampling 

The Gibbs sampler is based on a markov chain that is 
primarily used to generate samples from a joint density 
(Geman and Geman 1984; Gelfand and Smith 1990). 
These samples enable the study of all marginal densities 
from that joint density. For statistical problems, the 
joint density is for the set of unknowns from a statistical 
model, given observed data, e.g. as in Eq. 4. In statistical 
problems, the Gibbs sampler is generally used to study 
marginal posterior densities of parameters; other par- 
ameters are considered to be nuisances. Using the pri- 
mary joint structure in the samples, we can obtain 
sampling correlations between parameter estimates and 
for example, two-parameter countour plots. In analyti- 
cal approaches, the study of marginal densities would 
require integrations or summations, often not feasible to 
compute, but which can be circumvented when using 
Gibbs sampling. 

Validity 

The use of Gibbs sampling is valid when the joint density 
considered has a non-zero probability over its entire 
domain (Tanner 1993), which is similar to the require- 
ment of irreducibility of the Gibbs markov chain. An 
irreducible chain can be characterised as a chain which, 
from any state, has a positive probability of transition to 
each other state. Irreducibility is not always straightfor- 
ward, a model with a single locus with more than two 
alleles or a discrete penetrance function leads to a 
reducible chain (Sheehan and Thomas 1993; Lin et al. 
1993). Also, chains may be "practically" reduced, i.e. 
transition probabilities to certain states are so low that, 
in practice, these states are never reached. For the model 
described here, the Gibbs markov chain is theoretically 
irreducible; possible practical reducibility will be dis- 
cussed later. 

The use of an improper joint density, a non-inte- 
grable function, is also invalid for the application of 
Gibbs sampling. Hobert and Casella (1994) showed that 
priors (f2)-(b § 1) for variance component estimation in 
linear models lead to a proper posterior density when 
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b < 0. Hence, a flat prior, corresponding to b = -  1 
yields a proper posterior (see also Besag et al. 1991; 
Wang et al. 1993, 1994). We assume that the result of 
Hobert and Casella (1994) obtained for linear models is 
also valid for the mixed inheritance model. 

General construction 

The Gibbs markov chain is a continuing series of realisa- 
tions for the unknowns p,u,W, 2 2 O'e, O-u, a and Pl. Let 
0 m (lira, urn, win ~.2m ,,2m r,m ,~m~ denote the set of 

" '  , U e  , V u  , ~  , g l  I 

realisations for the unknowns at state or cycle t in the 
Gibbs chain. Construction of the Gibbs chain requires a 
set of realisations 0 Et + 1~, given the current set of realisa- 
tions 0 m. To initiate the chain, a set of starting realisa- 
tions 0 I~ is required, for which we used zeros for p and u 
and initial guesses for 2 2 6e,ffu,a and Pl. Genotypes W 
were initiated as all heterozygotes A1A 2. 

In the most straightforward implementation of the 
Gibbs sampler, 0 ~t § 11 is obtained by sampling for each 
Oi(i = 1,r) a new realisation from the conditional dis- 
tribution of 0i, given the available realisations 

Et§ 13 At,+ 11 AEt3 0m and given the data y (Gelfand 1 , " ' ,  v i -  1 ~ v i +  1 , ' " ,  v~ �9 

and Smith 1990). The form of the conditional densities 
required often appear to be simple. For model 1, condi- 
tional densities are normal for/3'~s, u~s and a, discrete for 

2 and 2 and beta for Pl. w~s, inverted chi-square for a~ o-. 
The simple form of the conditional densities allows 
implementation of a Gibbs chain for a mixed inheritance 
model based on sampling from the exact small sample 
distributions in each step. Further, for computations on 
pedigrees, the "neighbourhood set" of an individual 
(Sheehan and Thomas 1993) plays an important role. 
This neighbourhood set consists of the polygenic values 
or genotypes of the parents, progeny and mates of an 
individual, together with the data on itself. To compute 
conditional densities for sampling the polygenic effect or 
genotype of an individual, only the elements in this 
neighbourhood set are required because of redundan- 
cies arising in the conditional densities. One side-effect 
in particular is that exact computations of conditional 
genotype probabilities are automatically made in loop- 
ed pedigrees, whereas analytical approaches become 
intractable in pedigrees containing loops. Animal pedi- 
grees generally contain many loops due to the common 
occurrence of multiple matings and inbreeding. 

Mixing and blocking 

distribution and for burn-in time. In the later phase, 
mixing determines the serial correlations in the chain 
that affect efficiency by which accurate inferences can be 
made from the chain. In a mixed inheritance model, 
genotypes often show slow mixing due to the depend- 
ence between genotypes of parents and progeny. This 
dependence is stronger and mixing is poorer when 
progeny groups are larger. 

As described by Smith and Roberts (1993) and Tan- 
ner (1993), for example, mixing can be improved by 
applying Gibbs sampling to subvectors, thereby treating 
components as a "block", rather than by using a com- 
plete breakdown of the parameter vector in its scalar 
components. In practice, blocking can be implemented 
using one or more reduced conditional densities. Use of 
reduced conditionals densities, as in substitution samp- 
ling, was also considered by Gelfand and Smith (1990) 
for improving convergence. Efficiency of the Gibbs sam- 
pler was improved here by blocking genotypes of each 
sire and its final progeny. Final progeny are progeny 
that are not parents themselves. By considering only 
final progeny, the number of individuals involved in 
computing conditional densities is not increased and 
remains based on parents, progeny and mates. But, for 
final progeny, phenotypes are used instead of genotypes. 
Efficiency was improved further by updating genotypes 
starting with the youngest families. In this manner, 
changes appearing in younger families can cause 
changes in older families within the same update cycle of 
the Gibbs chain. The blockwise treatment of genotypes 
of each sire and its final progeny was also applied to 
polygenic effects. In the Results section the effect of 
blocking on the changes of genotypes in a Gibbs chain 
will be demonstrated. 

Random number generator 

Construction of the Gibbs markov chain requires the 
sampling of many random deviates, which are based on 
pseudo-random number generators. Because param- 
eters in the markov chain are updated repeatedly in the 
same order, the absence of serial correlations in the 
deviates is important. We used the RAN1, GASDEV 
and GAMDEV routines (Press et al. 1986), which 
seemed to meet that requirement. The GAMDEV rou- 
tine was used to generate chi-square deviates with even- 
numbered degrees of freedom. Deviates with odd-num- 
bered degrees of freedom were generated by adding one 
squared random normal deviate. 

The most straightforward implementation of the Gibbs 
chain, sampling single parameters, may not be an effi- 
cient way to obtain Gibbs samples because strongly 
dependent parameters may show slow mixing (Smith 
and Roberts 1993; Tanner 1993). By mixing we generally 
refer to the speed of movement of the chain in the 
parameter space. In the initial phase of a markov chain, 
mixing is important for convergence to the equilibrium 

Sampling of realisations in the Gibbs chain 

In this section obtaining 0 Lt+13 given 0 m will be de- 
scribed. This represents the computation of one '~ 
cycle". Repetition of this procedure constructs the Gibbs 
markov chain. The described blockwise treatment for 
the genotypes and polygenic effects of sires and final 
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progeny is incorporated, as well as the order of sampling 
starting with the youngest individuals. In the Gibbs 
chain, sampling is applied to all unknowns, including 
genetic parameters, to allow for Bayesian inferences. 
Parameters are updated in the order given in the joint 
density (Eq. 4). 

second step finalises the joint sampling by obtaining 
new realisations for final progeny, conditional on the 
new value for the sire. On the basis of the BLUP 
equations, elements in $2.1 and $2.2 are: 

ca = + + uv,S' ) 

Nongenetic effects 

Assume first that nongenetic effects [I are levels of one 
factor. Then step S1 in the construction of state t + 1 
from t is: 

sample fll t+ 11 from N (~ i" /n  i, a2em/ni). (S1) 

Step S1 is based on conditional solutions to the linear 
model and on conditional standard errors for non- 
genetic effects. Conditioning on polygenic effects, geno- 
types and allele effect results in the use of corrected data 

= (y - Zu m - Z W [ t l m [ t l ) ,  with m [q = ( - -  a m, 0, 0, a[ t ] ) ,  

where p~- is the total of observations from ~ pertaining to 
level i and ni is the number of observations in level i. 
More effects would be handled one at a time, correcting 

also for other nongenetic effects. For two effects, ~ is 
partitioned a s  [ ~ 1 ~ 2 ]  and X a s  [ X l X 2 ]  , and ~1 

is updated to state t +  1 as above using 
= (y - X 2 ~ 2  [t] - Z l l  [t] - ZWmmm), after which ~2 is 

updated in the same manner using ~ = 
(y - Xllla ~t+ 1~ - Zu ~t~ - ZWmmm). Note the direct use of 
pl[ t+ 1]. 

Polygenic effects 

Steps to update polygenic effects are based on BLUP 
equations for the linear "animal model" (Henderson 
1988) and on conditional standard errors for polygenic 
effects. The neighbourhood set of polygenic effects (e.g. 
Sheehan and Thomas 1993) to be considered is represen- 
ted exactly in BLUP equations. The updating of poly- 
genic effects is based on using step $2.1 for dam j and 
step $2.2 for sire i with its final progeny l: 

sample u ~t+ 1] from N ( c j d  a, a2em/da), "'J 

sample u ~t+ ~1 from N(ci/di, a2[t]/di) and --i 

($2.1) 

($2.2) 

sample u I' + ~ from N (cjdt ,  cr~[tl/dl) for each final progeny 
I of sire i, 

where the BLUP equations are dau a = c~ to solve for the 
polygenic effect u a of dam j; d~uz = c~ to solve for the 
polygenic effect u i of sire i after absorption of all final 
progeny ofi; and dzu~ = c~ to solve for the polygenic effect 
uz of final progeny l. Step $2.2 is the sampling of new 
realisations for a sire and its final progeny jointly as a 
block, done in two steps. The first step draws a new 
realisation for the sire effect from the reduced condi- 
tional density, after absorption of final progeny. The 

~,V :1.~ ,, [.] 1~ ,, [t+l]~ 
- -  ~ Z . . ~ k ~ V k ~ S , k  - -  ~ , k ~ k  ! 

d: = 1 + ~(fia + �88 

= [tl) ci P~ + �89  I + u. , i  

1 [.l - -    m( 6mU ,m - -  �89 I'+ 1]) 

v r l c ~ 6 u  E.l_(~l+�89 - -  Z L l ! ~  I D , t  

d i = 1 + ~((~i  + �88 - -  �88 1 + ~bg) 

c~ = ~i + 1~6,(u:'+ 11 + u D y )  

d I = 1 + ~61 

where for individual i, Us, i and uv,i denote polygenic 
effects of the sire and dam of i, ~ is the element pertaining 
to i from the corrected data ~ = ( y - X I I  Et+l~- 
ZWmmm), 6i is the reciprocal of the Mendelian sampling 
term q~i from (Eq. 2b); the premises are similar for other 
individuals j, k, 1 or m. When individual i or j has 
unknown parents, zeros are substituted for Us. ~ and uv,i, 
or u s a and uv a" In the equation for ca, ~k is evaluated for 
each'progeny'k of j; in the equation for % Y',l is evaluated 
for each final progeny I of i and ~, ,  is evaluated for each 
nonfinal progeny m ofi. In the equation for % i is the sire 
of l. Finally, c~ is the variance ratio --ufr2[tl/t'r2[t]/--e . When it is 
unclear whether a polygenic value used is from state t or 
t + 1, the state is not specifically indicated. 

Genotypes 

Obtaining new realisations for genotypes is done as for 
polygenic effects except that discrete distributions are 
sampled. Conditional probabilities for genotypes are 
obtained by peeling (Cannings et al. 1978), but geno- 
types of the individuals in the neighbourhood set, i.e. 
parents, progeny and mates, are taken as known. Ana- 
logous to polygenic effects, the updating of all genotypes 
is based on step $3.1 for damj  and step $3.2 for sire i and 
its final progeny l: 

sample w: according to the probabilities: ($3.1) 

P (wj = COe:) <f(~j [  wj = ~e:)P (W; = ~e:l WS,jm, %,/'1) 

�9 H~P(w] ~+ ~11 Ws,~[J,w; = toe:) 
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sample w~ according to the probabilities ($3.2) 

P(wi = t% f) oc f (  ~vilwi = ~e f  )P (wi = O~ ef[Ws,i It], Wo,i It]) 

�9 II,. P(w,. tt+ 111w i = ( t )ef ,WD,m [']) 

accidental rounding-off of variance components  to zero, 
variances were not  allowed to be smaller than 10 -12. 
Whenever a realised value fell below 10-~z, the samp- 
ling, i.e. step $4 or $5, was repeated. 

"Hz~o,hP(W z = tO ghlW i = 03ef , w D j ' I ) f ( ~ I w ,  = r Allele effect 

and for each final progeny l of sire i, sample w~ according 
to :  

P(w I = tO0h ) ocf( Yl ]Wl = O~oh)P (Wl = t%h I Wi Et+ 11,WoJ.I) 

where the notat ion is analogous to that for poly- 
genic effects and P denotes probability. Here y = 
(y  _ Xli l t  + 11 _ Zut t  + 1]), f ( y i  I wi  = toni)  oc e x p  { - � 89  - co~i  
mm)2/a 2m } is the normal penetrance function for i, and 
P(w~ = ~ e f l W s f  ] , w o f  ]) is a transmission probabil i ty 
for i, available from Eq. 3b. When parents of i are 
unknown,  the transmission probabil i ty is replaced by 
pm,,m The products  over k, I and m are evaluated for the e F f "  
same individuals as the sums over k, 1 and m for poly- 
genic effects, and the sum within H~ is evaluated over the 
possible genotypes of progeny l, for 9 = 1, 2 and h = 1, 2. 
Step $3.2 is the sampling of the genotypes of a sire and its 
final progeny where in the first part  a new genotype for 
the sire is sampled from a reduced conditional density. 
In the reduced conditional density for a sire, the pheno- 
types of final progeny are used. The actual sampling of 
genotypes is done by evaluating the above probabilities 
for all possible realisations ml 1, m~2, m2~ and m22, and 
the sampling of a new genotype according to these 
probabilities. Probabili t ies are given to proportionality,  
and so need to be normalised. 

If genotypes are used as a known classification factor, 
the effect of an allele is estimated as the deviation of 
homozygotes  from an assumed mean of zero, yielding a 
linear model  equation (n 1 + n4)c~ = (Y4" - Y l ' ) .  This 
leads to: 

sample att+ 1] from N ( ( ) 4  - ~ 1 . ) / ( n l  -}- n4) , o "2It+ 11/ 

(n 1 + n4) ). ($6)  

where n i is the diagonal element i of Wtt+ 1]'Z'ZW It+ ~1, 
giving the number  of genotypes of each type; Yi. is 
element i of W It+ 1]'Z'~r containing sums of corrected 
data per genotype with ~ = ( y - X ] l t ~ + l ] - Z u l t + 1 1 ) .  
When all genotypes are AIA 1 or A2A2, i.e. n I or n 4 is 
equal to the total number  of animals, the effect of the 
allele is nonestimable and the new realisation for a is 
taken as zero. 

Allele frequency 

Given genotypes of base individuals, allele frequency in 
the base generation has a beta distribution. This leads 
to :  

sample pl tt+ 11 f romf(P l  ) oc p f* (1  - pl) m ($7) 

Residual and polygenic variance 

Variance components  follow inverted chi-square dis- 
2 and 2 obtained tributions, with new realisations for (7 e gr u 

as:  

sample o-2 I'+ 11 as e'e/)~2(n - 2) (S4) 

sample o -2tt+ 11 as u ]t+ ~1'A- lurt+ 11/72(q - 2) (S5) 

where B 1 is the number  o fA  1 alleles and B 2 the number  
of A a alleles in genotypes of base individuals. An accep- 
tion-rejection technique is used to sample a new allele 
frequency. A "suggested" sample p* is generated from a 
uniform density. This p* is accepted as the new sample 
for Pl with probabi l i tY fmax(pO/ f (p*) ,  wherefmax(pl) is 
the maximum value of f (PO,  attained for 
Pl = B1/(B1 + Be). When p* is rejected, the procedure is 
repeated. 

where e = (y - X[~ It+ 1] _ Zult+ 11 _ ZW]t+ tlmm), A is the 
numerator  relationship matrix, n is the number  of obser- 
vations, q is the number  of individuals, and z2(n - 2) and 
)(2(q_ 2) are r andom deviates from chi-squared dis- 
tributions with n -  2 and q -  2 degrees of freedom. 
When degrees of freedom n - 2 and q - 2 are used, a flat 
prior for variance components  is used (Wang et al. 
1994). The quadrat ic  u ]~+ 11, A -  lu[t+ 11 is computed  as 

1 1 2 ~ i  u2 + 2 jd j (u j  - ~Us. a - ~uD,j) , a scalar computa t ion  
due to the factorisation of A (Quaas 1976). The first 
summat ion is over all base animals and the second 
summation is over all non-base animals. Further  nota- 
tion is as in sampling steps $2.1 and $2.2. To prevent 

Statistical inference 

In the following we will describe a straightforward use of 
a Gibbs chain for making statistical inferences. In the 
Discussion section, we will elaborate on alternative 
approaches. For  statistical inference, a long markov 
chain is produced, repeating the update scheme de- 
scribed in the previous section to obtain vectors with 
subsequent realisations for parameters. The subsequent 
realisations, or states in the markov chain, will show 
serial correlations, so that not every state is used to 
obtain Gibbs samples. Instead, virtually independent 
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samples are obtained by "thinning the chain". From the 
original chain, every K th sample is taken, which is 
referred to as thinning "by K " .  Determining a suitable 
K-value or thinning parameter will be described first. 

retained, allowing, for example, computation of samp- 
ling correlations between parameter estimates. 

Inference from marginal densities 

Thinning parameter 

An initial run of the Gibbs sampler is required to 
determine a suitable K value. Following Raftery and 
Lewis (1992), thinning is based on a transformation of 
the original output into a binary process, for which 
transition probabilities are studied. Let 0 m be the value 
for a certain parameter at state t in the test run. The 
binary process is defined as Z [~1 = ~(0 It] ~< c), where 6 is 
the indicator function and c, in our application, is the 
mean of 0m's. Thus, Z m indicates whether the realisation 
at state t was below or above the mean. The mean was 
taken because we are primarily interested in a central 
location parameter for the posterior densities. A suitable 
thinning parameter is obtained as follows, using for 
computations the binary process ZEta: 

1) a thinning parameter k 1 is determined such that 
Z m, thinned by kl, is approximately a first-order mar- 
kov (Raftery and Lewis 1992); 

2) Z m thinned by kl, being a first-order markov, can 
be described by a simple transition mechanism with 
transition probabilities ~ and fi, which are estimated 
from Z m thinned by kl; 

3) an additional thinning parameter k 2 is determined, 
such that the transition probabilities in Z It]' thinned by 
K = k l k 2 ,  differ only e from the transition probabilities 
for k 2---, Go, i.e., for K-* oo. Based on estimated transition 
probabilities from (2) and powers of the corresponding 
transition probability matrix, k 2 = ln(e)/ln(1 - e - fi). In 
our application, we took e = 0.001. 

Step (3) differs from the approach suggested by Raftery 
and Lewis (1992), who thinned only by k 1, yielding 
serially correlated realisations. Raftery and Lewis (1992) 
also determined the number of "burn in" cycles to be 
ln(~(~ + f i ) / m a x ( o : , f i ) ) / l n ( 1  - ~x - f i ) ,  which, for small e 
and e and fi approximately equal, is close to K. There- 
fore, taking the first Gibbs sample at state K generally 
allows for a sufficient burn in as well. In practice this was 
indeed observed. 

The determination of K can be repeated for various 
parameters, or for functions of parameters in the Gibbs 
chain, for example, a heritability as a ratio of variance 
components. Different parameters or different functions 
of parameters may yield different K's. The approach we 
used is to determine K for various parameters and 
functions and to choose the largest K to be applied to all. 
Hence, the Gibbs chain can be constructed and, at every 
K th cycle, realisations for parameters at that cycle are 
saved as being a "Gibbs sample" for the set of model 
parameters. When the same thinning for all parameters 
is used, the primary joint structure in the samples is 

So far we have considered sets of realisations 0 m arising 
in the Gibbs chain as coherent units, being joint samples. 
Marginal densities of parameters are studied by observ- 
ing realisations of a single parameter in these samples, 
irrespective of realisations for other parameters. We will 
focus on the genetic hyper parameters, i.e. variance 
components and effect and frequency of the major gene. 
However, nongenetic effects, polygenic effects and geno- 
types could be studied as well from the Gibbs chains. 

A very general inference is made by visualising the 
marginal posterior densities in a density estimate. In this 
study, we supply nonparametric density estimates in the 
form of average shifted histograms (Scott 1992). At 
boundaries of parameter spaces, a reflection boundary 
technique (e.g. Scott 1992, p 149) was used to smooth the 
histogram up to the boundary. The posterior density 
can be summarised by one or more statistics. Straight- 
forward cases are, approximately, symmetric densities 
where the mean and standard deviation are appropriate 
for describing the density. To describe more compli- 
cated densities, the mode is often a valuable third statis- 
tic. For symmetric densities, the mean will correspond to 
a maximum likelihood or maximum a-posteriori point 
estimate, and the standard deviation will correspond to 
the small sample standard error of this parameter esti- 
mate. Parameter estimates based on Gibbs samples are 
subject to Monte Carlo (MC) error. Because our analy- 
sis is based on nearly independent Gibbs samples, em- 
pirical MC error on the posterior mean simply can be 
assessed from the estimated standard deviation of the 
posterior density and the number of Gibbs samples 
generated. 

In the Gibbs chain, allele effect a may appear positive 
as well as negative. The sign of a, however, is not 
relevant, being based on the arbitrary assignment of 
A2A2 as the genotype with value + a. From the Gibbs 
samples, therefore, we studied the absolute values of a. 
For consistency, we also studied the frequency of the 
favourable allele, denoted Ph. The favourable allele is A 2 
when a is positive and A t when a is negative. 

Simulated data 

A population was simulated in which ten males were 
mated with four dams each, producing five progeny per 
female, yielding 200 offspring per generation. A sex was 
assigned to each progeny at random on a 1 : 1 ratio, but 
with the requirement of at least one male and one female 
in each full-sibship. For each subsequent generation, 
each sire was replaced by a son and each dam was 
replaced by a daughter. Generations were non-overlap- 
ping, and no intentional selection was practiced. Mating 



Table 1 Parameter values used in simulation 

Parameter Data set 0 Data set 1 

2 ~e 100 100 
2 ~u 50 50 

a 0 12.5 
Ph - 0.7 

2 2 
a m = 2 p l p 2 a  0 65.6 

was at random; unintentional inbreeding could be pre- 
sent from the second generation onwards because of 
finite population size. The theoretical rate of inbreeding 
was approximately 0.8% per generation. The popula- 
tion was simulated for five generations, which resulted in 
a population of 1050 individuals, including the 50 base 
generation individuals. 

For all individuals observations were simulated ac- 
cording to the model of analysis. This simulation in- 
cluded polygenic effects from the normal densities (Eq. 
2a) for base animals and from Eq. 2b for non-base 
animals, genotypes according to probabilities from Eqs. 
3a and 3b and sampling of normally distributed random 
errors. Two data sets were simulated, for which the 
genetic parameters are shown in Table 1. In data set 0 no 
effect at the single locus was simulated. This set was used 
to demonstrate results found when no single gene effect 
in present. In data set 1 a single gene effect was simulated 
with a difference (25) between extreme genotypes of 
approximately 2 standard deviations of the variation 
within single genes. The effect of the single gene in set 1 
was expected to be clearly detectable. Average inbreed- 
ing coefficients in generation 5 were 4.1% in data set 1 
and 4.2% in data set 2, matching the theoretical pre- 
dicted rate. Numbers of individuals with non-zero in- 
breeding coefficients were 450 in data set 0 and 430 in 
data set 1. This indicates a large number of pedigree 
loops in these data sets already due to inbreeding alone. 
Multiple matings applied in this simulated breeding 
structure resulted in an additional large number of 
loops. Inbreeding was taken into account in the simula- 
tion of polygenic effects and in the analysis at steps $2 
and $4. An effect of sex was simulated that favoured 
males by + 2 units, and sex was used in the analysis as an 
explanatory nongenetic effect. 

Results 

Mixing and the effect of blocked Gibbs sampling 

For data set 1, with a simulated effect of a major gene, 
changes of genotypes were studied for three classes of 
individuals: final progeny, dams and sires. In Table 2 the 
average number of genotype changes per cycle is given 
for each class of individuals. Without blocking, virtually 
none of the sire-genotypes changed in the majority of the 
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Table 2 Average number of genotype changes per Gibbs cycle for 
three groups of individuals with a scalar updating of genotypes 
("scalar") and with a block updating of genotypes of sires and final 
progeny ("block") in data set 1 (average of 10 000 Gibbs cycles). 

Average number of changes per Gibbs cycle 

Group (total number) Scalar Block 

Finals (800) 234 (29%) 258 (32%) 
Dams (200) 12.7 (6.4%) 39.8(20%) 
Sires (50) 0.008 (0.02%) 2.62 (5.2%) 

Gibbs cycles. Results were such that about once in 100 
cycles, one sire-genotype was changed. Hence, the geno- 
type configuration for sires remains practically the same 
over many hundreds of cycles, and movement of the 
markov chain is restricted to a small subspace. In this 
case, changes appearing for final progeny and dams are 
relatively meaningless because these changes are limited 
due to the near fixation of all sire genotypes. With the 
blocking technique, mixing is improved, changing about 
5% of the sire-genotypes each cycle. The increased 
changes in sire genotypes resulted in a general increase 
of changes in the entire pedigree, which can be seen in 
particular for dam genotypes. 

Data without a major gene 

Determination of a thinning parameter K for data set 0 
was based on an initial run of the Gibbs chain of 10 000 
cycles. Starting realisations for genetic parameters were 
taken as the simulated values (Table 1), which represen- 
ted a pure polygenic mechanism. Allele frequency p 1 was 
initiated as 0.5. Thinning parameters were determined 
for the variance components for errors, o -2, for polygenic 

2 and for major gene effects, a ,  2, = 2pip2 a2, for effects, o.u, 
the absolute value of the effect of the allele ]a [, and for the 
frequency of the favourable allele, Ph. Allele frequency Ph 
showed the strongest dependencies, requiring K ~ 890 
to yield independent samples. 

For data set 0, two Gibbs chains were run, each 
initiated with different seeds for the random number 
generator. From each chain, 250 Gibbs samples were 
obtained using K = 890. Results from each set of Gibbs 
samples are given in Table 3, which presents the es- 

Table 3 Estimated means and standard deviations of posterior den- 
sities for genetic parameters in data set 0 (no major gene) in two runs 
of the Gibbs sampler, based on 250 samples per run 

Parameter Mean _+ standard deviation 

Run 1 Run 2 

2 O- e 98.0__+ 7.4 95.7__+ 6.8 
2 % 38.1 __+ 14.3 48.5 • 11.4 
2 2 

~, ,  = 2 p l p 2 a  5.3 + 4.9a 4.8__+ 5.3 a 

Mode is zero 
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timated contributions of the two genetic components 
and error in terms of variances. Runs were consistent in 
the estimate for major gene variance. In each case, a 
unimodal density for major gene variance was found 
with a mode at zero (Fig. 1). From such densities, we 
infer the variance component to be zero, which means an 
absence of the major gene effect. 

Estimates for variance components were different in 
the two runs, especially for polygenic variance. Posterior 

2 differed about 10 units, which cannot be means for o- u 
explained by Monte Carlo (MC) error. The empirical 

2 MC error on the means for o- u was estimated as 0.9 for 
run 1 and 0.7 for run 2. Differences in these estimates 
must be caused by a near reducibility of the chain, with 
allele frequency moving in a few subspaces between 
which mixing is relatively bad. When the probability of 
moving to a different subspace is low, this type of 

Fig, 1 Estimated posterior densities (averaged histogram frequen- 
cies) for major gene variance in data set 0 for run 1 (solid line) and run 
2 (dashed line) of the Gibbs sampler, based on 250 samples per run 
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behaviour is unlikely to be spotted in the tuning phase, 
which we based on 10 000 cycles only. 

Data with a major gene 

Posterior means and standard errors for parameter 
estimates in data set 1 are in Table 4. These estimates are 
based on 500 Gibbs samples from a single Gibbs chain 
using K = 400. Starting values for data set 1 represented 
a pure polygenic model, i.e. o-,2 ~ 116 and a = 0, which 
does not correspond to the simulated parameters. From 
this polygenic starting point, the Gibbs chain was ob- 
served to move to a mixed inheritance model in a few 
hundred cycles. Density estimates for c~,[a[, Ph and 

2 % = 2 p l p 2 a  2 are presented in Fig. 2. The density esti- 
2 shows a unimodal density with a mode for mate for or, 

a, 2 > 0, indicating the significance of the polygenic com- 
ponent in the model. The density estimate for o-~ shows a 
local mode for %-2 _ 0 and a global mode for o%2 > 0. The 

2 0 odds are 1 : 26 between the estimated density for am = 
2 and for 0% > 0, which is taken as evidence for a signifi- 

cant single gene component. Neither posterior means 
nor modes agree perfectly with the simulated values, but 
in each case the simulated value was well within a 90% 
highest posterior density region of the estimate. 

Allele frequency in data set 1 was poorly estimable, 
showing values in a range between 0.15 and 0.9 (Fig. 2). 

Table 4 Estimated means and 
standard deviations of posterior 
densities for genetic parameters 
in data set 1, based on 500 
Gibbs samples 

Parameter Estimate 

2 (r e 104.6 __+ 10.4 
2 o-,, 35.6 _+ 16.6 

lal 12.5 __ 1.82 
Ph 0.56 _+ 0.12 

2 % = 2plp2a 2 73.5 _+ 19.5 

Fig. 2 Estimated posterior 
densities (averaged histogram 
frequencies) for genetic 
parameters in data set 1, based on 
500 Gibbs samples 
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The influence of allele frequency on estimated polygenic 
variance and major gene variance is large. Two more 
analyses of data set 1 were performed, fixing the allele 
frequency of the favourable allele at 0.74 or at 0.60 
(Table 5). The value of 0.74 was the true realised value in 
the simulation of data set 1, and the value of 0.60 was 
around the mode of the marginal posterior of allele 
frequency. Each value, therefore, can be taken as a 
plausible estimate which, based on the posterior from 
Fig. 2, is not dramatically different from the other. The 
use of an estimated value, treated as a true value without 
error in a further estimation step, is a procedure com- 
mon to classical inference from a joint likelihood func- 
tion. When allele frequency was fixed, the portion of 
polygenic variance in the total genetic variance ranged 
from 38% for Ph ~ 0.74 to 28% for Ph = 0.60. The MC 
error on the posterior means for polygenic variance is 
about 0.5% of the estimated total genetic variance and, 
therefore, is too small to account for these differences. 
Hence, fixing the unknown allele frequency at some 
value substantially affects estimates for the two genetic 
variances. In contrast, the "marginal" estimates (Table 
4), which are averaged over all possible allele frequen- 
cies, are not affected by the arbitrary choice of a point 
estimate. 

Discussion 

Mixing in the Gibbs chain 

In this study we described the construction of a Gibbs 
markov chain for inference in a mixed inheritance 
model. Efficiency of the Gibbs sampler depends on the 
parameter•177 used and on the sampling scheme 
applied. A Gibbs sampling approach for a mixed inheri- 
tance model applied to human populations (Guo and 
Thompson 1992) is inefficient when applied to animal 
populations. We suggested a blockwise treatment for 
genotypes, which would yield faster changes in the 
Gibbs chain without considerable complications in 
computing. The blocking is typically applied to parents 
with large progeny groups. We applied this for sires, but 
the technique can also be applied to dams. Without 
blocking, markov chains remain stuck in a subspace of 
the parameter space, making a proper inference imposs- 

Table 5 Est imated means  and s tandard  deviations of poster ior  den- 
sities for genetic parameters  in data set 1 fixing allele frequency at two 
different values, based on 500 Gibbs sampler  per case 

Mean  _+ s tandard  deviation using 

Paramete r  ph = 0.74 Ph = 0.60 

2 
% 102.0 ___ 10.5 104.1 _+ 10.0 

2 
a u 40.1 • 13.9 31.0+_ 12.4 
lal 13.1 • 1.39 12.6_+ 1.25 

2 2 
a,~ = 2p ip2  a 66.7 • 13.5 81.3 • 15.1 

ible. With blocking, mixing was improved, although 
inference in data set 0 remained difficult. Here, two 
Gibbs chains did not yield exactly similar results for all 
parameters, possibly the result of a more subtle type of 
bad mixing. Multiple runs of the Gibbs sampler, prefer- 
ably with various starting values, can be used to spot, 
but not to solve, such problems of mixing. The blocking 
technique, therefore, is possibly only a first step to 
improve mixing, ~nd more methods could be developed 
and added. Note further that the efficiency of blocking 
will depend on the data structure; in particular, on the 
progeny group sizes and on the allele effect at the major 
locus. In animal breeding practice, progeny groups are 
generally sufficiently large to recommend the use of 
blocking. 

Alternative uses of Gibbs chains 

The efficiency in using realisations from a markov chain 
for statistical inference can possibly be improved. For 
instance, the use of independent samples is not required. 
Posterior means and other density features, including 
the density itself, can be estimated directly using serially 
correlated states in the chain (Geyer 1992; Wang et al. 
1994). The advantages of our approach of using inde- 
pendent samples is that the accuracy of output from a 
Gibbs chain can be appreciated directly, simply by the 
number of samples. Independent samples also allow the 
comparison of output from multiple chains by standard 
analysis-of-variance methods. A further measure to in- 
crease the accuracy of the estimate of a mean is the use of 
Rao-Blackwell estimates (Gelfand and Smith 1990). 
This procedure uses from every state the expected value 
for a certain parameter rather than the realised value in 
the chain. Expected values are often directly available 
from the intermediate computations in the Gibbs chain 
and vary less because the disturbance from the condi- 
tional variance is eliminated. 

Statistical inference 

In the mixed major gene-polygenic inheritance model, 
maximum likelihood (ML) inference is classically em- 
ployed (Elston and Stewart 1971; Morton and MacLean 
1974). Gibbs sampling can also be used to obtain such 
ML estimates (Guo and Thompson 1992). The specifica- 
tion of prior densities is then circumvented by updating 
a parameter, for example, a variance component, not 
with samples from the specified densities but with the 
expectation for that parameter given realisations of 
other parameters. This technique is known as Monte 
Carlo EM (Tanner 1993). In our model, a REML infer- 
ence could be made by omitting the sampling steps for 

2 2 %, au, a and Pl, and by updating these parameters as 
their expectation. A ML inference could be implemented 
by also updating elements of p with their expectation. In 
this manner, based on the Gibbs sampler, a hierarchy of 
inferential methods can be obtained by suppressing 
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certain sampling steps in the construction of the chain. 
Note that when using this Monte Carlo EM technique, 
fluctuations in the chain will not correspond to standard 
errors of parameter estimates, and density estimates of 
posteriors cannot be made. 

ML inference and associated hypothesis testing in 
major gene models, however, have several shortco- 
mings. For instance, REML (Patterson and Thompson 
1971) was developed to overcome biases in ML point 
estimates for variance components, and ML standard 
errors and likelihood ratio tests are based on asymptotic 
normal approximations. For application of the likeli- 
hood ratio test, moreover, assumed asymptotic distribu- 
tion of the test statistic is questionable when dealing 
with mixture distributions (Titterington et al. 1985). 
When Gibbs sampling is used, alternatives for ML 
inference are available. 

Inference could possibly be improved by using the 
Gibbs chain as implemented in this study, including the 
sampling steps for all genetic hyper-parameters and by 
making use of the marginal posterior densities of param- 
eters obtained. This approach is generally Bayesian and, 
for our implementation with flat priors for all hyper- 
parameters, could be classified as "empirical" Bayesian. 
With this approach, standard errors of parameter esti- 
mates or, in general, interval estimates in any form, are 
directly available. Interval estimates will be based on 
small sample distributions and respect the natural 
bounds on parameter spaces. As point estimates, mean 
or mode of the posterior density could be used, which 
would be respectively marginal APE (a-posteriori ex- 
pectation) or marginal MAP (maximum a-posteriori) 
estimates. APE is simple to compute from Gibbs chains, 
and APE estimates are considered more optimal than 
estimators based on a marginal or joint mode (Hender- 
son 1953; Harville 1977). However, absence of a variance 
component shows a density with a gobal mode at zero, 
as we showed, in which case the posterior mode is an 
appealing point estimate. This favours, from a more 
practical point of view, use of MAP estimates. Further, 
when Gibbs chains are used as we presented, highly 
marginalised densities are used, in which for each par- 
ameter all other parameters are considered as nuisances. 
This provides a richer summary and may improve esti- 
mation of the two genetic components in the mixed 
inheritance model. For instance, we showed when fixing 
allele frequency, that estimates for genetic variances in 
the mixed inheritance model depend on the value used 
for allele frequency. Marginal estimates, however, take 
into account the error in estimating allele frequency, or 
any other parameter. This gives a more realistic infer- 
ence, which represents better uncertainty in the esti- 
mates and provides a better disentanglement between, for 
example, polygenic and major gene variance. 

Hypothesis testing 

We did not thoroughly consider power to detect single 
genes or test of significance of the single-gene compo- 

nent. It was shown for major gene variance, 0 -2, that 
absence of a single-gene effect leads to a global mode for 

2 = 0. As discussed, the MAP estimate would be zero in 0." 
this case, correctly indicating absence of a single-gene 
effect. Presence of a single-gene effect showed a density 
with a global mode for 0.~ > 0 and a local mode for 
0.z = 0. We used the odds ratio of the densities at both 
modes as a criterion, assuming significance at a 5 % level 
when the odds ratio is above 1 : 20. This criterion, how- 
ever, may be very severe. An alternative would be to 
assume a mixed mode of inheritance as soon as the mode 

z = 0. When experi- for 0.~ > 0 dominates the mode for 0.,. 
menting with smaller effects of the major gene, a gradual 

z = 0 was indeed observed, increase of the density at a,. 
indicating the less likely action of a major gene. It would 
be of interest to further develop hypothesis testing be- 
cause a test based on small sample distributions ob- 
tained from the Gibbs sampler has the potential to 
improve the likelihood ratio test for presence of a major 
gene. Gibbs sampling approaches also can handle very 
large data sets, as shown by Van der Lugt et al. (1994) 
using a polygenic model, because Gibbs sampling imple- 
mentations require little memory and do not accumu- 
late round-off errors. This facilitates the use of the 
generally abundant amount of information in animal 
populations, which is a simple measure to increase 
power. Additional simulations showed, for instance, 
that a major gene with a = 6 and other parameters as in 
data set 1, which explain about one-quarter of all genetic 
variance, was detected easily in a data set with 5000 
individuals. 
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